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Abstract 

We present a conformal theory of a dissipationless relativistic fluid in 2 space-time dimensions. 
The theory carries with it a representation of the algebra of 2-D area-preserving diffeomorphisms 
in the target space of the complex scalar potentials. A complete canonical description is given, 
and the central charge of the current algebra is calculated. The passage to the quantum theory 
is discussed in some detail; as a result of operator ordering problems, full quantization at the 
level of the fields is as yet an open problem. 
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1 Fluid dynamics as a lagrangean field theory 



Non-dissipative fluid mechanics in either a relativistic or non-relativistic frame- 
work can be formulated as a lagrangean field theory [1, 2]. In a relativistic 
context, the relevant physical degrees of freedom are described by the time-like 
four-current density j^(x), related to the scalar density p{x) by 

9,uff = - P 2 . (1) 

The velocity field v?(x) then is related to the current density by 

f = pu^ g, u u»u v = -l. (2) 

The essential physical aspects of fluid dynamics in Minkowski space are the con- 
servation laws as represented by vanishing divergence of the fluid current and the 
energy-momentum tensor: 

= o, = o. (3) 

In the non-relativistic limit these reduce to the Bernouilli and Euler equations. 
In addition, there is an equation of state relating the pressure p and energy 
density e = f(p). It is straightforward to generalize this description to a general 
relativistic context so as to include the gravitational field [3]. A lagrangean 
formulation of a fully relativistic theory, including the gravitational field, in n 
space-time dimensions is given by the action 

S = J d n x^g(-^R + CflJ) , (4) 

where the first term is the Einstein-action for general relativity, and the lagangean 
density for the fluid is 

£ fluid = ~j ■ {90 + izdz - izdz) - f(p). (5) 

Here (9, z, z) are auxiliary fields acting as langrange multipliers imposing the 
correct physical conditions on the current density. Strictly speaking, the action 
(5) is motivated from fluid dynamics in n = 4, but it can consistently be continued 
to other values of n as well. 

The field equations derived from the action (4) by varying the current com- 
ponents j M and the potentials (9, z, z) lead to an equation for the current 

^y- 3p, = df,9 + izd^z - izd^z, (6) 
subject to the conditions 

D ■ j = 0, j ■ dz = j ■ dz = 0. (7) 
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These are supplemented by the Einstein equations 

Rnu — - 5V R = —S^G T^, (8) 
with the energy-momentum tensor taking the perfect-fluid form 

T/u, = pg^v + (e + p)u^u v . (9) 
In this expression the energy density and pressure are given by 

e = f( P ), P = pf'(p)-f(p). (10) 

A typical equation of state is found by taking a power law for the energy density 

f(p) = ap 1 ^ p = rje. (11) 

This is the type of equation of state familiar from applications in cosmology and 
astrophysics. 

Eqs. (7) for the potentials (z, z) state that these auxiliary fields are constant 
in a comoving frame: 

u-dz = ^ = ^ + vVz = 0, (12) 

at at 

and similarly for the complex conjugate potential. As a result, there is an infinite 
set of covariantly conserved currents of the form [4] 

J[G\ = 2G(z,z)i», D-J[G} = 0. (13) 

The factor 2 results from Noether's theorem, applied to the invariance of the 
action under the infinitesimal transformations 

6 G 6 = 2G-zG >z -zG tg , 5 G z=-iG- z , 5 G z = iG, z , (14) 

whilst Saj^ = ^gQ^u — 0. The commutator algebra of these infinitesimal trans- 
formations is closed, with the composition rule 

rr r i r ^ . ( OG dG' dG dG'\ 

[5c,5 G ,]=5 G „, G" -— j. (15) 

It is readily checked that the transformations (14) represent the invariances of 
the one-form 

J = d6 + izdz — izdz. (16) 
This also implies the existence of an invariant two-form 

A = -d A J = idz A dz, (17) 
2 

representing the area in the space of complex potentials. Area-preserving dif- 
feomorphisms have been studied in a different context as a symmetry of the 
base-space manifold of the relativistic membrane in ref. [5, 6]. In contrast, here 
the diffeomorphisms are realized directly on the dynamical variables. It is an 
interesting question what happens to these transformations in a quantum theory, 
where these variables become operators. 
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2 Conformal fluid dynamics 



For specific equations of state, the classical relativistic fluid models (5) are con- 
formally invariant. Indeed, it is easily established that the trace of the energy- 
momentum tensor (9) vanishes for fluids in n space-time dimensions for energy 
densities 

e = f{p) = ap^ T/ = 0. (18) 

For such fluids the equation of state parameter is 



" = ^r- (19) 



In 4 space-time this implies 



V=\ =*► P=\ e (n = 4). (20) 

This is the indeed the equation of state for a gas of free massless particles, like 
photons or massless neutrinos. 

In two space-time dimensions a conformal fluid model has a somewhat unusual 
equation of state with rj — 1: 

p = e (ra = 2). (21) 

The action in this case reads 

S = Jd 2 x^[-r(d,9 + i zd,z- iZ d,z) + ag, u ff] 

~ — -J- J d 2 x \^gg fiU (d^9 + izd^z — izd^z) (d u 9 + izd u z — izd u z) , 

" ^ i (22) 

where the last line is obtained by algebraic elimination of the independent current 
vector field j M by 

U = ^ (dpO + izd^z - izd^z) . (23) 

If the normalization of the current is chosen such that a = 1/2, one obtains 
standard kinetic terms for the scalar potential 9. 

A further important aspect of this 2-dimensional model is that one can extend 
the model with a Wess-Zumino term in which the real scalar 9 couples to the 
invariant target-space area 2-form: 

AS = 2i\ J d 2 xe^9d^zd u z. (24) 

For 2a\ = ±1 this implies that the current becomes self dual, or anti-self dual, 
respectively. It is easily verified that the action (22) and the Wess-Zumino term 
are invariant under local Weyl rescaling 

9,u(x)^g'^x)=e^g^x), (25) 
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keeping the scalars (9, z, z) unchanged; this confirms the conformal invariance 
of the model. Remarkably, the infinite set of transformations (14) also leaves 
the Wess-Zumino term invariant, up to a boundary term. In part, this results 
from the invariance of the area two-form A; the non-trivial part is, that the 
transformation SqO by itself produces a total derivative. 

Finally we observe, that the energy-momentum tensor of this theory is not 
changed by the addition of the Wess-Zumino term and with a — 1/2 takes the 
Sugawara form 

Tya, = j^ju - 2 9^9 KX jnj\, (26) 
which is traceless in 2-dimensional space-time. 



3 Canonical light-cone formulation 

In this section we present the canonical formulation of 2-dimensional conformal 
fluid dynamics in the light-cone formulation, using light-cone co-ordinates and 
derivatives 

± x°±x 1 d ±d 1 

x = -jr< St = —' (27) 

such that in the conformal gauge the space-like line element is 

ds 2 = -2e^ x) dx + dx~. (28) 

Because of the conformal invariance, the action is independent of the 2-dimensional 
conformal gravitational field component <f)(x). Therefore, using the canonical 
value a = 1/2, the full action for the conformal theory takes the form 

Sic — I dx + dx~ [(d + 6 + izd + z — izd + z)(d-6 + izd-Z — izd^z) 

J ■ ■ ^ 

+ 2i\6 (d + zd^z - d_zd + z)} . 

The field equations then include the self dual/ ant i- self dual current conservation 
laws 

d_J + = 0, A = +1; 

(30) 

<9+Jl = 0, A = -1, 
where the current components J± represent the fixed expressions 

J± = d±8 + izd±z — izd±z. (31) 

These equations lead to the result 

d + J- = 2i (d + zd-Z — d-zd + z) , A = +1; 

(32) 

<9_ J + = —2i (d + zd-Z — d-zd + z) , A = —1. 
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The other field equations, stating that the flow is orthogonal to the gradient of 
the complex scalars, read 

J_d + z = J_d+z = 0, A = +1; 

(33) 

J + d-z = J + d-z = 0, A = —1. 

Together eqs. (30)-(33) are seen to imply full current conservation 

3_J + = <9+J_ = 0, A = ±1. (34) 

Observe, that changing the value of A form +1 to —1 is equivalent to interchanging 
the role of x + and x~ . In the following we therefore restrict ourselves to A = +1, 
taking x + as the light-cone time. 

Finally, the energy-momentum tensor is traceless, and has only two non- 
vanishing components 

T ++ = J+J+, T__ = J_J_. (35) 
Their divergence vanishes: 

d„T ++ = <9+T__ = 0. (36) 
With x + as the light-cone time co-ordinate, the action takes the form 

S lc = J dx + dx~ A^d+fa, (37) 

where the fields are denoted collectively by fa = (9,z,z), and where the field- 
dependent coefficients Ai[fa\ read 

A e = J- = d-6 + izd^z — izd^z, 

A z = izJ--2i\6d-z, (38) 

A- z = -izJ_ + 2i\6d_z, 

where in the following we use A = +1. We follow the Faddeev-Jackiw procedure 
[7], and write the variations of the action in the form 

8S, 



5fa(x + 

with the symplectic tensor defined by 



~ zr = / dy~ Fij(x + ;x~,y~)d + (f) j (x + ,y-), (39) 
, x ) J 



SAj(x + ,y ) 5Ai(x + ,x ) 



F^-x-.y-) = J '» • - ' ' . (40) 
5fa(x+,x ) 5fa(x+,y ) 
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A list of explicit expressions for the components of Fy is given in appendix A. 
Leaving understood that all expressions are to be evaluated at equal light-cone 
time x + , the equations of motion can then be written in the form 

d +( j> t (x-)= |dy-FyV,y")^=y = {^")»5}, (41) 

with the Poisson brackets defined by the inverse of the symplectic tensor: 

{<j )t (x-),My~)} = F i ] 1 (x-,y-). (42) 

Note, that this procedure is closely related to the Schwinger source method, but 
without the necessity for any explicit introduction of source terms. 

To calculate the Poisson brackets we use the components of the symplectic tensor 
in app. A, and observe that it takes the form 

F l3 (x-,y~) = -2S tJ (x-,y') 8'{x- - y~) - 2iA ij (x~) 5(x~ - y~), (43) 

with 

iz(y~) -iz(y- 



Sij(x ,y ) = 



( 1 

iz(x~) -z(x~)z(y-) z(x~)z(y-) 
\ -iz(x~) z{y-)z{x~) -z{x-)z(y~) 



and 



Its inverse is 

{H x ~)AAy~)} 



( \ 

Aij(x-) = 2J_(x~) 1 

\0 -1 o) 

= Fr\x-,y-) 



(44) 



(45) 



= -\ M ij( x ,y ) e ( x -y )-\ N ij( x ) s ( x ~ 

where e(x — y) is the anti-symmetric Heavyside step function, and 
/ 1 \ 



-y~), 



Mij(x,y) 




V J 



, N l3 (x) 



1 



2J_(x) 



z(x) z(x) 
z(x) i 
z(x) —i 



(46) 



(47) 



We can now read off the Poisson brackets of the various fields; the non-zero 
elementary brackets are the following 



{e(x-),6(y-)} 
{z(x-),0{y-)} 



1 

"2 £U 



( x ~y ), {z( x ),z(y )} = _ TJ _5 ( X ~y )' 



4J_ 



5(x -y ), [z(x ),6(y )} = K x 



(48) 
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With the aid of these expressions, the bracket of the fields with the right-moving 
current component takes the form 

{&(*-), J-(y-)} = ^-d-<l> i 6(x--y-), (49) 

and as a result 

{^0O,T__(y-)} = {<MO, ^(?T)} = 0-<M(z _ -y-), (50) 

as expected. Finally, the equal light-cone time brackets of the currents and 
energy-momentum tensor themselves read 

{j_(x-),J_(y-)} = ^'(x--I/-), 

(51) 

T__(y-)} = T__(ar) - y-) - <% - x). 

showing that the central charge is the same as that of the current of a free 
conformal scalar theory. 

The result (48) is of considerable interest, as it describes an infinite-dimensional 
classical equivalent of a non-commutative geometry of the complex plane (a non- 
commutative bundle), expressed by the non- vanishing bracket of z(x) and z(y). 
For comparison we recall the strong-coupling limit of a charged particle in a 
magnetic field, which is represented by the brackets 

{x\ x^} = (F- 1 ) 13 , Fij = e ijk B k: (52) 

(for unit charge-to- mass ratio). In this standard example of a physical application 
of non-commutative geometry the bracket is proportional to the inverse of the 
magnetic field, whilst in our case it is proportional to the inverse of the current 
component J_(x _ ). 
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4 Left-moving fields and currents 

With the aid of the brackets (46) we can compute the light-cone time dependence 
of the fields using eq. (41). Explicitly we find 

d + 6(x) = {e(x),S} 

_, N dS \ I /•'• , 
+ Z{X) MX) ~2L dy 



1 ( , , SS _, , SS \ 1 r x ~ , _ ss 
z(x) 



J-(x)\ K ' 5z(x) v ' Sz(x)J 2 7-oo y 59(x+,y-y 

o i \ r / \ ni —if.SS SS \ 
d+z(x) = {z{x),S\ = —- \iz-—- + 



4J„ V te(ar) ^ 

o -/ \ r-/ \ ni * / •- ^ 

a + 2;(a;) = {^(x), o} = — — — ^-z + 



4J_ V (J0(a;) <^(x) / ' 

(53) 

Therefore in the classical theory, where the action takes an extremal value and all 
functional derivatives of the action vanish: SS/S(pi = 0, the equations of motion 
take the form 

J_d +Z = J_d+z = 0, = 0. (54) 

It follows, that 6{x) is an ordinary 2-dimensional conformal scalar field, whereas 
the complex fields (z, z) are constrained to have right-moving components only 
whenever the current does not vanish identically. Indeed, taking J_ 7^ we find 

d+z = d+z = 0, J+ = d+9, (55) 

with d-J + = 0. It follows, that after compactification on a circle the real scalar 
field has a standard mode expansion 



9(x + , x-) = 9 + ^(x + + x-) + (0+,ne 2mnx+ + 0_, n e- 2 ™*~) , (56) 



with the brackets 

t — % 

{0o,M = 1 » {&+,m,°+,n} = — -5— S(m + n), {0_ m ,0_ n } = — 5— <J(m + n). 

(57) 

In contrast, the mode expansion of the complex scalars is of the form 

z(x~) = Y J z n e 2mnx ' 1 z(x~) =J2z n e- 2mnx ~, (58) 

n n 

and these fields do not contribute to J + . It is straightforward to check, that the 
brackets of 9 and its derivatives lead to the results 

{6(x + ), J + {y + )} = 1 5(x + -y+), {e(x + ), T ++ (y+)} = d + 65(x+ - y + ). (59) 
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In fact, in view of eqs. (55) and 

{z(x + ), J + (y + )} = 0, {z(x + ), J + (y + )} = 0, (60) 

we trivially have 

{<l> i (x + ),T ++ (y + )} = d +( j )t S(x + -y + ) (61) 

for all elementary fields. Finally, the left-moving currents have the same central 
charge as the right-moving ones: 

{j + {x+),J + {y + )}= l -5\x + -y+). (62) 



5 Reparametrizations of the target space 

The equations of motion (55) and the conservation of the currents J_ imply, as 
in sect. 1, that there is an infinite set of currents J-[G] = 2G(z,z)J_ satisfying 
the conservation laws 

<9+J_[G] = 0. (63) 

However, due to the presence of the Wess-Zumino term (24) these currents do not 
represent the Noether currents for the the reparametrization invariance (14), and 
do not satisfy simple bracket relations. Indeed, to obtain the Noether currents 
in the presence of the Wess-Zumino term we have to add specific improvement 
terms to the currents; if we take G(z, z) to be given by a double power series 

G{Z,Z)= 9mnZ m Z n , gnm = gmn, (64) 

m,n>0 



we find (for A = +1) the conserved Noether charges 



Q[G] = Ajdx 



GJ_-i V ^ ( z m+1 d- z n+l 

mj^o (m + l)(n + l) V 



(65) 



The brackets of these charges indeed satisfy 

{9,Q[G]} = 2G-zG, z -zG, 2 , 

{z,Q[G]} = -iG,- z , {z,Q[G\} = iG, 



(66) 



It is then elementary to establish that the bracket algebra of the charges is closed 
and of the form (15): 

{Q[G 1 ],Q[G 2 ]} = Q[G 3 ], (67) 

with 

G 3 = ( dGl dG * _ (68) 
I dz dz dz dz ) 
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In fact eq. (15) is equivalent to the Jacobi identity 

{{A(<f>), Q[G±]} , Q[G 2 ]} - {{AM, Q[G 2 }} , Qfa]} = {A(<f>), {Q[Gi}, Q[G 2 ]}} , 

(69) 

for arbitrary polynomials A((f>) of the fields <p l = (6, z, z). 

Of particular interest is the existence of two finite-dimensional subalgebras. 
The first one is the Heisenberg algebra e(2), generated by the real polynomials 

Ge = \ G + = l -{z + z), G- = ±(z-z). (70) 
They generate the algebra of charges Qi = Q[Gj\: 

{Q + ,Q-} = Qe, {Qe,Q±]=0. (71) 

The second finite-dimensional subalgebra is an su(l, 1) algebra generated by the 
real quadratic polynomials 

G 1 = \(* + ?), G 2 = ±(z>-z>), G = l -zz. (72) 
Using a similar notation for Q[Gj\ we have 

{Qi, Q2} = Qo, {Q2, Qo} = -Qi, {Qo, Qi} = -Q.2. (73) 

As mentioned, base-space representations of the algebra SDiff(M 2 ) of area-preserv- 
ing diffeomorphisms of 2-dimensional manifolds M 2 have been studied before 
[8, 9], in particular in the context of membrane theory in ref. [5, 6]. 



6 The 2-dimensional conformal quantum fluid 

In the previous sections we have established the complete canonical structure of 
the 2-dimensional conformal fluid model. In particular, we have determined the 
value of the central charge of the current algebra (51), (62), which is identical 
with that of a free conformal scalar field. If we take the current algebra as the 
starting point of the quantization, we can simply follow the standard Sugawara 
construction [10], and obtain the commutator algebra of the energy-momentum 
tensor. It takes the form of a Virasoro algebra with central charge c = 1. 

The only technical detail needed is the operator-ordering prescription. We 
briefly recall the procedure, taking the left-moving sector to be specific. After 
decomposition of the current into its Fourier modes 

J + = Y J J + , n e 2mnx \ (74) 

n 

quantization of the current algebra (62) leads to the results 

J + (x + ), J + (y + )} = - 5'{x+ - y + ) & [J +>m , J +>B ] = -- 8(m + n). (75) 
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Clearly, it is essential for operator ordering to separate the positive and negative 
frequency components. In particular, in the quantum theory the energy momen- 
tum tensor is taken to be normal ordered with respect to this decomposition: 



T ++ (x ) = : J + (x )J + (x ) : = : J +,m-h 

n,m 

where 



. 2iri(m+n)x + \ 1 rp 



2ninx + 



J+,rnJ+,n ■ 



(76) 
(77) 



I J+, m J+,n, m <n; 
{ J +)n J +jm , m> n. ' 

The components of the energy momentum then satisfy the Virasoro algebra with 
a central charge determined by the central charge of the current algebra (51): 



(m - n) T +)Tn+n + (m 3 - m) 5{m + n), 



(78) 



It remains to establish the current algebra result (75) in the quantum fluid model. 
For the left-moving sector this is trivial, as the current simply is that of a free 
scalar field 



J, 



El 

47T 



+ 27rim ®+,m e 



where the scalar field satisfies the commutation relations 

-1 



8ir 2 m 



5(m + n). 



(79) 



(80) 



This leads directly to the desired result (75). 

However, in the sector of right-moving fields the situation is complicated by 
the fact that the non-linear brackets (48) between the complex fields z and z, and 
between these fields and the real scalar 9, prevent a decomposition into Fourier 
modes. It also poses a problem of operator ordering for the expressions on the 
right-hand side of the brackets. For example, proceeding in co-ordinate space 
and choosing a particular ordering to postulate the commutation rules 



0(x-),0(y-) 
z(x-),6(y~) 



z(x ),z(y ) 



\jZ l 5{x--y-\ 



r ~\ l 

J^z 5(x~ — y~), z(x~),9(y~) =-zJ~ 1 5(x~—y 



whilst defining the ordered current by 

J_ = d-9 + izd-Z — id-Z z, 
a straighforward calculation shows that 



J4x-),J4y-)\ = -S'(x--y- 



(81) 
(82) 

(83) 
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More precisely, introducing smooth bounded test functions f(x) and g(x) we have 
established that 

Jf = J dx~ f(x-)J.(x-) [J f , J a \ = \j dx~ fd_g. (84) 

This implies that the central charges of the current algebra and the algebra of 
the energy-momentum tensor indeed have the same values as in the left-moving 
sector, i.e. we have a free field theory with c—1. 

Unfortunately, the proposed set of commutation relations (81) seems to be 
inconsistent; indeed, a check of the Jacobi identities gives 

[z(x), [z(y),0(u)}] + [z(y), [8(u),z(x)]] + [9(u), [z(x),z(y)}} = iq(x) 5(x-y)5(u-y), 

(85) 

where q is a divergent operator defined by 

q = - Im (j- x dzr 2 z - J^dzJ^zr 1 ) = - 5(0) J^dzJ^dzJ- 1 . (86) 

This may well be due to our choice of operator ordering, both in the commutators 
and in the definition of the current J_. In appendix B we consider a more general 
approach, allowing a larger class of operator orderings. In all cases we find the 
same value of the central charge in the current algebra (83). However, for none 
of the orderings we considered are the Jacobi identities manifestly satisfied. We 
can therefore not exclude that the quantum theory is anomalous in the sense of 
the Groenewold-Van Hove theorem [11, 12, 13]. 

7 Discussion 

In this paper we have presented a model of conformal fluids coupled to general 
relativity, formulated in n space-time dimensions; we have focussed on the case 
n = 2, where the well-known techniques of conformal field theory can act as a 
guide to the construction of a full quantum theory. A point of interest in these 
models is the existence of an infinite set of conserved charges generating area- 
preserving diffeomorphisms in the target space of the complex scalar potentials 
(z,z). This algebra is preserved by the Wess-Zumino term in the 2-dimensional 
theory, and a non-linear canonical realization of the diffeomorphism algebra has 
been constructed in terms of light-cone Poisson brackets as a first step towards 
a non-commutative geometry of a complex bundle over the circle. 

We have carried out the construction for the simplest case, in which the scalar 
fields (z, z) take their values in the complex plane. However, it is easy to construct 
models where they take values in other Kahler manifolds. This is achieved by 
replacing the current one-form (16) by the generalized expression 

J = d6 + iK jZ dz - %K- Z dz, (87) 
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with K(z,z) the (real) Kahler potential of the manifold [4]. Such different po- 
tential manifolds may for example lead to different central charges in the diffeo- 
morphism algebra [6, 14]. 

Finally, we have discussed aspects of the quantization of the models. We 
have found that the non-linearity of the Poisson brackets (48) complicates a di- 
rect translation to commutators in the full theory, incorporating the complex 
scalars and their diffeomorphism invariance. On the level of currents and energy- 
momentum components this is not an issue, as the quantization of the current 
algebra immediately implies the Virasoro algebra by the Sugawara construction. 
In addition, one can also quantize the theory after elimination of the complex 
scalars as a simple free theory of a single real conformal scalar 9 with standard 
values of the central charges. However, to construct a quantum realization of the 
diffeomorphism algebra (67), (68), and hence a complete non-commutative geom- 
etry of operators z(x) and z(y) taking values in the complex plane or some other 
Kahler manifold, the full set of classical brackets must be mapped consistently to 
operator commutators, a problem we have not solved. If a solution exists, it will 
be of interest to compare such a construction with the Moyal bracket approach 
as explained in [14]. 
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A Components of the symplectic form 

In this appendix we collect the explicit expressions for the components of the 
symplectic tensor Fij(x + ; x~ ,y~) in eq. (39). As all fields are always evaluated 
at equal light-cone time x + , in the following we only make explicit reference to 
the light-cone space co-ordinate, i.e. (x, y, ...) = (x~,y~, ...). We then have 

Fee(x, y) = -F ee (y, x) = -2 S'(x - y), 

F 9z (x,y) = -F z9 (y,x) = -2iz(y) S'(x - y) + 2i(l - \)d_z 5{x - y), 

F 9z (x,y) = -F z0 (y,x) = 2iz(y) S'(x - y) - 2i(l - \)d-Z S(x - y), 

F zz (x,y) = -F zz (y,x) = (z 2 (x) + z 2 {y)) 5'{x - y) = 2z(x)z(y) 6'(x - y), 

F zS (x, y) = -F zz (y, x) = - (z(x)z(x) + z(y)z(y)) S'(x - y) 

+ i (-2 J- -izd-z- 2\d^ 5(x - y) 

= -2z(x)z(y) S'(x - y) 

- 2i {{I + A) J_ + (1 - X)iz 0- z^j 5(x - y), 

F- zz (x,y) = -F- zz (y,z) = (z 2 (x) + z\y)) 5>{x - y) = 2z(x)z(y) 5'(x - y). 

(88) 



B The current and its commutators 

In this appendix we derive some results on commutators of the complex scalar 
fields z, z and the right-moving current J_, relevant to a discussion of the quanti- 
zation of the brackets (48), (49). We start from a minimal Ansatz, by postulating 
the operator commutators 

[ z i x )i z(y)] = \ J^ix) 6(x - y), 

W), J{V)\ = \ ((1 - «) dz J" 1 + k J~ l dz) S(x - y), (89) 

[z(x), J(y)} = % - ((1 - k) J" l dz + Kdz.r l ) 5(x - y), 

Here all arguments refer to right-moving light-cone co-ordinates (x~,y~), and 
J(x) denotes the right-moving current. The parameter k is introduced to take 
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into account some of the ordering ambiguities in the conversion of the classical 
brackets to quantum commutators. We postulate no other commutation relations; 
that is, we choose to eliminate the real scalar field 9 in favor of the current 
J as an elementary operator in the theory. Of course, we then also have to 
know the commutator of two current operators. However, instead of postulating 
this commutator, we will try to derive it from consistency of the postulated 
commutators (89). We proceed in several steps. 

First, we observe that the commutation relations (89) satisfy the Jacobi iden- 
tity 

[z(x), [z(y), z(u)\] + [z(y), [z(u), z(x)\] + [z(u), [z(x), z(y)}} = 0. (90) 
Next we consider the Jacobi identity 

[z(x), [z(y), J(u)}} + [z(y), [J(u), z(x)}} + [J(u), [z(x) : z{y)\] = 0. (91) 

By substitution of the Ansatz (89) we find that this identity holds if and only if 

[J(x),J(v)] = ^S'(x-y)+iC(x)S(x-y), 

C(x) = Im[(l- K) 2 dzr 2 dzJ + K 2 JdzJ~ 2 dz 

+ re(l - re) (jdzJ^dzr 1 + J^dzJ^dzj)] 5(x - y). 

(92) 

This result has several interesting properties. First, the central charge term 
proportional to the derivative of the Dirac 5-function is a c-number independent 
of re; therefore it does not depend on the operator ordering. Also, it has the same 
value as in the classical bracket, implying that in a properly defined quantum 
theory the value of this central charge and the central charge in the Virasoro 
algebra will be the same as in the classical theory, i.e. c = 1. Finally, in the 
classical theory where all quantities are ordinary functions rather than operators, 
the quantity inside the square brackets defining C(x) is real; hence in the classical 
theory C(x) =0, as we found indeed in sect. 3. 

For the quantum theory with commutation relations (89) to exist, it is nec- 
essary that C(x) =0 as an operator equation. This follows directly from the 
identity 

[J(x),J(x)]=0, (93) 



or its regularized equivalent 
where 



[J/,J/]=0, (94) 

J f = J dxf(x)J(x), (95) 

with f(x) a smooth test function. This identity states that the current is a well- 
behaved local operator and requires C{x) to vanish. Therefore if the commutation 
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relations (89) are consistent for some value of k, then the classical bracket for the 
currents immediately carries over to the quantum commutator and we have 

[J(x),J(y)]= l -5'(x-y). (96) 

With this result, all the other Jacobi identities turn out to be satisfied as well; 
for example we find the non-trivial result that 

[J(x), [J(y), z(u)}} + [J(y), [z(u), J(x)}} + [z(u), [J(x), J(y)}} = 0. (97) 

Then we end up with a consistent quantum theory in which the central charge 
of the current commutator has the classical value. However, it is not at all clear 
how the consistency requirement C(x) = follows from a direct calculation. In 
sect. 6 we produced the result (96) for k — 1, but only at the expense of violating 
another, closely related Jacobi identity. 

As an aside, we note that one could also take a short cut by observing from 
the classical theory, that the current algebra is not changed by taking z = z = 
both in the left- and right-moving sector. In this sense, the complex scalars are 
only auxiliary fields; the diffeomorphism invariance in the complex target space 
is a manifestiation of this property. Upon making this simplification, the theory 
becomes that of a single real massless scalar field, which can be quantized in the 
standard way. However, in this case the diffeomorphism invariance is trivially 
removed, and there is no possibility of constructing a quantum version of the 
infinite-dimensional algebra (65), (67). 
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